UNIQUE CONTINUATION FOR THE SCHRODINGER 
EQUATION WITH GRADIENT VECTOR POTENTIALS 

HONGJIE DONG AND WOLFGANG STAUBACH 

Abstract. We obtain unique continuation results for Schrodinger 
equations with time dependent gradient vector potentials. This 
result with an appropriate modification also yields unique con- 
tinuation properties for solutions of certain nonlinear Schrodinger 
equations. 



1. Introduction 

In this paper we study unique continuation properties of solutions 
to the Schrodinger equations having time dependant gradient magnetic 
vector potentials. Specifically, we consider equations of the form 

idtu + A^u = pi{x, t) ■ VxU + P2{x, t) ■ VxU 

+Vi{x,t)u + V2{x,t)u onM'^x(0,l). (1.1) 

where the vector potentials pi and p2 and the scalar potentials Vi, V2 
are assumed to belong to certain Banach spaces considered in the work 
of lonescu and Kenig The unique continuation results for solutions 
to equation (jl.l|) can be used to obtain unique continuation properties 
of solutions to nonlinear Schrodinger equations of type 

idtu + A^u = P{u, u, VxU, Vxu) on R"' x (0, 1), (1.2) 

where PiCxCxC'xC'^-^Cisa polynomial. 

Unique continuation for the solutions of Schrodinger equations has 
been studied by various authors e.g. Bourgain pp, Kenig and lonescu 
[H], Kenig, Ponce and Vega [7], and Escauriaza, Kenig, Ponce and 
Vega P]. 

The main goal here is to find sufficient conditions on the solution u of 
the linear equation (jl.l|) . at two different times t = and t = 1, which 
guarantee that u = 0. In the case of nonlinear Schrodinger equation 
(ll.2j) the uniqueness result is obtained from the information on the 
difference of two possible solutions at two different times. 
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Our approach follows that of |2J but since we also have to deal with 
the presence of the gradient vector potential, we need some estimates 
in the spirit of [H]. 

Let H = idt + A denote the Schrodinger operator and denote by 
the Sobolev space of tempered distributions u for which (1 — A)2u G 
L'^iR'^). For any k E Z'^ let Qk denote the cube 

{x e R'^; e [kj -^,kj + ^), j = 1, . . . , d}. 

Following [0], for p, q E [l,c>o] we define the Banach space BP''^{M.'^) 
using the norm 

ll/b-:={E 11/11 W)}'' 1<P<^' II/I|b^-=sup||/|U,(q,) 

From the definition it follows that B^'^ = L^, 1 < p < oo, and 

^Pim ^ QP2m jf > g^^d pi<P2- 
Our main result for the linear Schrodinger equation is the following: 
Theorem 1.1. Let u G C([0, 1] : H^) he a solution of the equation 

Hu = Viu + V2U + pi-VxU + p2-V^u onM'^x(0, 1), (1.3) 
where 

Vr, V2 G Bl'^LriR' X [0, 1]), bil, hi G Bl'^Lr{R' x [0, 1]). (1.4) 
// there exists a > co{d, \\pi\\l^^, |b2||L^^) such that 

n(-,0),n(-,l)G//i(e«N^), (1.5) 

then u = 0. 

Remark 1.2. In some sense, this theorem is a generalization of the 
result obtained in j2], to the case of Schrodinger operators with gra- 
dient vector potentials. To satisfy ()1.4|) . we need pj,Vj,j = 1,2 to 
be bounded and decay with certain rates at infinity. For example, all 
Schwarz functions and all functions of the form 1/(1 + |x|'^"'""),a > 
satisfy this assumption. By going through the proof of Theorem 11.11 
and using Sobolev embedding theorem, one can see that the condition 
of V in (|1.4j) can be relaxed to 

2d 

V,,V2 e {Bl'"^ + B.'+" )L^(R'^ X [0,1]) ifd>2, 

V2 G {Bl'^ + BF^'^)LrO^'' X [0, 1]) if = 1, 
for any 7 G (0, 1/2]. However, at present we don't know if p.4|) can be 
improved significantly. 
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We show that for the nonhnear Schrodinger equation, one has the 
following unique continuation property. 

Theorem 1.3. Consider 

Hu = P{u, u, V^u, V^u) on R"' x (0, 1), (1.6) 

and let X be either L'^{R'^) or B^'^{R'^) and := (1 - A^)t. Assume 
that Ui,U2 are solutions to p.6|) and we have 

rui, e C([0, 1] : X), s> d/2 + 3, 

||^^^^l||c([0,l]:X) < \\J'U2\\c{[id,l]:X) < N, 

\P{Zi,Z2,Wi,W2)\ < N{\zi\^ + \Z2\^ + \wi\^ + \W2\^), 

for a constant N > and any \{zi, Z2,Wi,W2)\ < 1. If u = Ui — U2 
satisfies (jl.5|) for some a > CQ{d, N), then ui = U2 in R'' x [0, 1]. 

Remark 1.4. The result of Theorem ll.3l can be extended to more general 
nonlinearities of the form -F(x, t, u, u, Vxtt, V^m) where one only needs 
to assume that 

t, Ml, Ui, V^Mi, VxUl) - F(x, t, Ui, Ml, VxUi, VxUi) 

= pi{x,t) ■ VxU + p2{x,t) ■ VxU + Vi{x,t)u + V2{x,t)u 
with u = ui — U2, for some Vi, V2,pi,p2 as in p.4|) (See Kenig et al. jO] 
and 0). 

The rest of the article is organized as follows: In section 2 we shall 
prove suitable Carleman estimates which are the main tools in obtain- 
ing unique continuation results. In section 3 we shall establish lower 
bounds for the space-time norm of the solutions to (jl.ip and (jl.2p . 
These lower bounds combined with the Carleman estimates of section 
2 yield the desired unique continuation properties. 

Acknowledgment 

The authors would like to express their gratitude to Carlos Kenig 
for bringing this problem to their attention and many enlightening 
discussions. 

2. Carleman estimates and upper bounds 

Let be a smooth function on M with the following properties: 
0(0) = 0, (p' nonincreasing, 0'(r) = 1 if r < 1 and (f)'{r) = if r > 2. 
For any A > 1, let (f)x{r) = A0(r/A). As in 6J, for any /3 > 0, A > 0, we 
define the Banach space X = Xa(R"' x R) using the norm 

ll/IU:= inf JII/iLp^. + A^IIJVsIIlJli]. 
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We also define the Banach Space X' = X'^ ^{W^ x M) using the norm 

\\u\\x' := max{|| J^/^n||ioc^2, || J^n||^^,2^2, + p(j)'^{xi))u\\^^,2^2}. 

We will need the following Carleman type estimate: 

Lemma 2.1. There are constant C,Cq and m only depending on d 
such that 

for any u G C(M : H'^) with u{-,t) = for t ^ [0, 1], any (3 G [l,oo) 
and any A > Co/5™. 

Proof. In [6J, lonescu and Kenig established the Carleman estimate 

\\e^M^^)u\\x' < C\\e'^^''^'''^Hu\\x, 

under the same assumptions as in Lemma f2. II Using the 5°°'^ bound- 
edness of pseudodifferential operators of order zero obtained in |4J, one 
can show that 

for some constant C. □ 



Without loss of generahty, in the sequel we assume that m > 2. 
Lemma f2. II implies the following theorem. 

Theorem 2.2. There exist constant C,Co,m > 2 only depending on d 
such that 



,oo,2 f 2 



1 

< C||e^^^(l"l)/7t;||x + CX^ ^ \\J\e''^'^^''^^v{x, j))\\l2 (2.1) 

j=0 

for any v G C(M : H^), (3 G [1, oo) and any X > Co/3™. 

Proof. First we claim that there exist constant C,m> 2 only depend- 
ing on d such that 

||e^<^^(-)t;|U2^2 + ||e^^^(-)|Vt;|||^o.,2^2 
1 

< C\\e'''^'^'''^Hv\\x + CX^ \\J\e^'^''-'''^v{x,j))\\Li (2.2) 

j=0 

for any v G C(M : H^), /3 e [1, oo) and any A > Cq/J™. 
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To prove (j2.2j) . for any e G (0, 1/10) we define a smooth cutoff func- 
tion ^/'g : M ^ [0, 1] such that 

' ^e = l, on [2e,l-2e\- 

= 0, on (— oo, £:] U [1 — e, oo), 

and ipe is increasing on (— cx3,l/2) and decreasing on (1/2, oo). Since 
u{x,t) = v{x,t)iljs{t) satisfies the condition in Lemma f2. 11 we have 

< C||e^'^^(^^)i7t;||x + C^A3||ji(e^*^(^i)V^;t;(x,t))||iii2 

Letting e — yields ()2.2|) immediately. Notice that this estimate still 
holds with Xj or —xj in place of xi where j = 1, 2, ■ ■ ■ ,d. Thus to prove 
()2.H) it suffices to use the monotonicity of 0a, the obvious inequalities 



d 

\x\/Vd < max \xj\, e^-^^d"!/^) < y"(e^'^^("^) + e'^^^^""^')) (2.3) 

and the triangle inequality. This finishes the proof of the theorem. □ 

We define the operator 

Hv,pU = Hu — Viu — V2U — pi ■ Vm — p2 ■ Vm. 

Corollary 2.3. Under the assumption of Theorem \2.^ and the addi- 
tional assumptions 

(2.4) 

with C as in Theorem \l.ll we have 



< N\\e^'^^^^'^^^Hv,pv\\x + NX^ J] II J'(e^'^^(l"l)t;(x, j))||l2, 

j=0 

with N = 2C. 

Proof. This follows by applying the inequality p.2|) to Hv = Hv,pV + 
Viv + V2V + pi ■ Vf + P2 ■ Vt) and observing that the definition of the 
space X, the Holder inequality and the assumptions ()2.4|1 imply 

C\\e^^^^''^\ViV + V2V + pi-Vv + p2- Vv) \\x 

<l(||e^<^^(-).;|U2^2 + ||e^<^^(-)|V.;|||^oo,2,.). 
The result of the corollary follows now by using ()2.3|) . □ 
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We are now ready to state and prove the main theorem of this section. 

Theorem 2.4. Letu G C([0, 1] : H^) be a solution of ()1.3p and assume 
that for some a > one has 

1 

u{;0), u{-, 1) e H\e^^^^'), Yl M^^Mmie^i^i^) < 

j=0 

for some constant K > 0. Then there exist N = N{d) > and Rq > 
depending only on d,a A 1, K, pi,p2, Vi, V2, the L'^{[0, 1] : H^) norm of 
u, such that for all R> Rq 

\\u\\l'^({R<\x\<R+1}x[0,1]) + II I Vm] ||l2(|^<|^|<r+i}x[o,1]) < Ne~°'36d . 

Proof. We choose Rq > ^ sufficiently large such that the corresponding 
norms in {x : |x| > Rq} x [0, 1] of Vi, V2,pi,p2 are smaller than 1/(4C) 
where C is the constant in Theorem 11.11 Let : M'^ — > [0, 1] be a 
smooth function such that /i = for |x| < 1 and /i = 1 for \x\ > 2. For 
any i? > 0, we set 

Hr{x) = H{x/R), Ur = U^r, 
VrJ = VjX\x\>R, PR,j = PjX\x\>R, j = 1, 2. 

A direct computation shows that Hy^^p^uji = e^, where 

cr = - V/iij ■ piu - VfXR ■ P2U + A/i/jM + 2V^iR ■ Vu. 

We set [3 = aR/3, X = Co/?"*, and use Corollary 12.31 with ur, Vr,pr in 
place of V, V and p and obtain 

||g/3<^,(|x|/v^)^^||^^^^ + ||e^^^(l^l/^)|VMR|||^^^,2^. < Nih + I2), (2.5) 
where 

1 

I, = \\e^MeR\\x, /2 = A3$^||ji(e'^*^(l^l)nH(a:,j))llLi. 

j=0 

Estimate of I2 : It is clear that 

1 

I2 < A3(/3 + 1)(5^ ||e^^^(l-V(a;,j)||Li + \\e^'^'^^''^^\Vun{x, MIli) 

j=0 

On the set {x : |a;| > R}, we have 

p(px{\x\) < a\x\^/3 < a\x\^ - 2aR^/3. 
Therefore, for R sufficiently large 

1 

I2 < iV(rf)a™+i/?'"+ie-2'*^'/3^ ||w(x,j)|lHi(e"N^) < 1- 

i=o 
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This gives the estimate of l2- 

Estimate of Ii: Since eji is supported in the annulus {R < \x\ < 2R}, 
Holder's inequality yields 

/i < e^"-^'/^|| - VfiR ■ piu - VfiR ■ P2U + A/i^M + 2V/iK ■ Vm|| ^1,2^2 
< e^^''"'''\\\u\\L2L'i{\\Y^^^R\{\Pl\ + \P2\)\\bI,^l^ + ||A^^||^2.^) 

+ 2||VM||i2i2||V/iij||52.«>] 

< N{d)e"^^'''R'''-\l + \\\p,\\\l- + \\\P2\\\l-)\W\\hilI < e"^^', 

for large enough. This completes the estimate of Ji, and using ()2.5|) 
we get for R sufficiently large 

||g/3</.,(|x|/v^)^^||^^^^ ^ ||e^<^^(l"l/^) I Vu,j| 11^00,2^2 < iV(rf)e'^^'. (2.6) 

Notice that in the annulus {x; Qy/dR < \x\ < Q\fdR + 1}, we have 
ur = u and f3(j)x{\x\/^/d) > 2aR^. From ()2.6|) . we deduce 

e^"^ lk^j|lHi({6v^ij<|x|<6v^/?+i})L? ^ N{d)e''^ . 
Upon a change of variable, the theorem is proved. □ 

3. Lower bounds 

In this section, we shall give lower bounds for the norms of the 
solutions to the equation ()1.3|) in the annulus {R < \x\ < R+1} x [0, 1]. 
We follow the line in Section 3 of [2]. The following lemma is similar 
to Lemma 3.1 of j2]. 

Lemma 3.1. Assume that R > and (p : [0,1] M. is a smooth 
function. Then there exist c = c{d,\\ip'\\L°°,\\(p"\\L°°) > 0,N = N{d) 
such that the estimate 



a 



+«^/2i?"ie"l"^"'+^W^^I'Vt;|U2i2 < Ar||e"l"^"'+^W'=il'i/t;|U2i2 (3.1) 

holds for any a > cR^ and v G C^(R"^^) supported in the set 

{(x,t) : \xR-^ + ip{t)ei\ > 1}- 

The proof of this lemma essentially follows that of Lemma 3.1 of (2j. 
However, the second term on the left-hand side of ()3.ip doesn't appear 
in that Lemma. For the sake of completeness, we provide the proof. 
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Proof. Set / = e°'^'^ ^+v(*)eiP^^ Direct computation yields 
where 

Sa = H + Aa^R-'^\xR-^ + </?(t)eip, 
= R~~\xR-^ + ip{t)ei) ■ V + dR~^/2 + iip'{xiR~^ + ip)/2, 
satisfying 

Therefore 

||ga|xR-l+c,We,P^^||2^^^ = { SJ - AaAJ , SJ - AaAJ) 

> -4a {{S^A^ - A^S^)f, f) = -4a ([^,, AJ/, /) . (3.2) 

Since 

[Sc,, v4J = 2i?-2 A - %a'^R-^\xR-^ + <^ei ^ 

the left-hand side of (j3.2j) is greater or equal to 

'i2a^R-^ j \xR~^ + y?(t)ein/p dxdt + Sai?-^ ^ | V/|^ dxdt 

+2a j [{xiR-^ + (^)(^" + {v'f]\f\^ dxdt - 8aiR-^ j ip'd^Jfdxdt. 
>^2a^R-^ j \xR-^ + ^{t)ei\^\f\^dxdt + %aR~^ j \V f\'^ dxdt 
-Na j {l + \xiR-^ + ^\)\f\^dxdt-NaR-^ j \Vf\\f\dxdt, 

>16a^R-^J \xR~^ + ^{t)ei\^\f\^dxdt + AaR^^ j \Vf\'^dxdt, 

for a > cR^, with = A^(||(y9'||Loo, ||(/}"||ioo). Note that the last in- 
equality is a consequence of the support property of v and the Cauchy- 
Schwarz inequality. Using the inequality |x — yp + y^ > + 
for some e = e{d) > 0, the estimate (|3.ip follows. □ 



We are now ready to obtain the following lower bound. 

Theorem 3.2. Let u G C{[0,1] : H^) be a solution of ((Ol). If for 

some 61,62, Li, L2 > and Ri > 1 

»l-252 

dxdt > 61, (3.3) 



'2(52 ^|x|<_Ri 
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then there exist Rq > Ri + 1 depending on d,6i,62,Li and A : = 
II'"I|l2([o,i]:H1)> (^''T'd a constant Ci > 1 depending only on d and L2 such 
that for any R> Rq 

6{R) := ||M||i2([o,i]:/fi({/j_i<|i:|<ij})) > e'"^^ . (3.4) 

Proof. Following for any R> 1 we define smooth functions 6r, t] G 
Co~(R'^) and G Co"^([0, 1]) satisfying 



Or 


= 1, 


if X 


<R-1 


( 7] 


= 0, 


if \x\ 


< 1 


Or 


= 0, 


if X 


> R 


\ V 


= 1, 


if \x\ 


> 2 



n^^^o u'l^AA-i /'^ = 0' in [0,52] U [1-52,1] 
0<^<3, 101 <45, , I ^^3^ if [252, 1 - 2^2] 

We apply Lemma f3. II to the function 

v{x,t) = 9ji{x)r]{xR~^ + (f{t)ei)u{x, t), (x,t) G M'^ X [0,1], 

and observe that v is supported in < R} x [^2, 1 — ^2] and satisfies 
the hypothesis of Lemma l3.ll Moreover, on Bj^^i x [262, 1 — 2^2] we 
have V = u and \xR~^ + yjcil > 2. Thus, 

||^.|.^-+.e.p^||^^^^ > e^1klL.„|..|<^,})..([2.,i-2..]) > e^"5i. (3.5) 
We compute 

Hv,pV = r]{xR~^ + ipei){2V0R{x) - Vu + uAeRix) - {uai + ua2) -VOrIx)) 

+eR{x)[2R-^Vri{xR~^ + ipei) ■ Vu + R-\Ari{xR-^ + ^d) 
+iip' dx^rj{xR~^ + ipciju — {uai + ua2) ■ R^^Vrj^xR'^ + ipci)] 

+R'^VOR-\/ri{xR'^ + ipei)u. (3.6) 

Notice that the first term on the right-hand side of ()3.6|) is supported 
in Br \ Br_i X [0, 1] where \xR~^ + ipei\ < 4, while the second and the 
third terms are supported in {(x, t) : 1 < \xR~^ + ipei\ < 2}. Therefore 
Lemma (3.11 with a = cR^ yields 

Ar-i(c=^/2i?||e"l-'^"'+^^^l%||^2^2+c^/2||e°l^^"'+^'=il'|Vt;||U|i2) 

< Li||e"l^'^''+^"^l%||i2i2 + L2||e"l^^"'+^"il'|V^lllLiL? 

+e^^"(5(i?) + e'"A(52~^ (3.7) 
Taking R > Ro{Li, d) and c > cq{L2, d) sufficiently large, the first two 
terms on the right-hand side of ()3.7|) can be absorbed in the left-hand 
side. This combined with fj3.5|) yields 

N~\^'^R6^ < ei2"5(i?) + A62'. 
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To complete the prove of the theorem, it suffices to set ci = 12c and 
choose R > Ro{d, Li, 61,62, A). □ 

4. Proof of theorem 11.11 and 

With the upper and lower bounds established in Sections 2 and 3, 
we are ready to prove Theorem 11.11 and 11.31 

Proof of Theorem li.il : Without loss of generality, we may assume 
that u satisfies ()3.3p for some Ri,6i and 62- Indeed, if ()3.3p doesn't 
hold for any Ri, 61 and 62, then m = on M"^ x [0, 1] and there is nothing 
to prove. By Theorem 12.41 and 13.21 we have for R sufficiently large 

But this is impossible if a > cq := 37cid. Hence the theorem follows. 

Proof of Theorem ll.Si : By using Theorem 11.11 and considering the 
difference u := ui — U2 of two different solutions of (jl.6|) . the proof of 
the theorem follows that of Corollary 1.2 of jH] almost word by word. 
Therefore, it will be omitted. 
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